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SOME THEORETICAL CONSIDERATIONS 07 LONGITUDINAL 
STABILITY IN POWER- ON PLIGHT WITH SPECIAL 
REPERENOE TO WIND-TUNNEL TESTING 
By Charles J. Donlan 

SUMMARY 



Some problems relating to longitudinal stability in 
power-on flight are considered. A derivation is included 
which shows that, under certain conditions* the rate of 
change of the pitching-moment coefficient with lift coeffi- 
cent as obtained in wind-tunnel tests simulating constant- 
power operation is directly proportional to one of the in- 
dices of stability commonly associated with flight analysis, 
the slope of the curve relating the elevator angle for trim 
and lift coofficient (or velocity). The necessity of ana- 
lysing power-on wind-tunnel data for trim conditions is 
emphasized and n method is provided for converting data 
obtained from constant-thrust tests to simulated constant- 
throttle flight conditions. It is demonstrated how a 
downward tail load required to trim an airplnno results in 
docroased stability in power-on flight and why a longitudinal 
contor-of-gravity movement is likely to affoct the stability 
characteristics loss in power-on flight than in power-off 
flight. 



INTRODUCTION 



The effect of running propellers on the longitudinal- 
stability characteristics of airplanes has been appreciated 
for many years. The increased use of powered models for 
wind-tunnel testing has greatly increased the amount of 
emperical information on the subject. The evaluation of 
wind-tunnel data secured with a power model, however, de- 
mands a greater appreciation of trim conditions than the 
evaluation of conventional power-off data. Data obtained 
from tests made with the propeller thrust held constant 
(reference 1), for example, consequently roquire an inter- 
pretation differont from data obtainod oither from tests in 



3 



which the propeller thrust is permitted to vary or from 
tests in which the propeller is absent. 

The purpose of the present paper is to correlate the 
different test procedures used in testing a model equipped 
with running propellers and to establish the significance 
of the data obtained for the determination of the longi- 
tudinal-stability characteristics. The slopes of the wlnd- 
tunnol pitching-moment curves are correlated vith tho index 
of stick-fixod stability commonly ueod in free-flight test 
work - the variation of elevator angle for trim with speed 
or lift coefficient. It is believed that a demonstration 
of the quantitative relationships existing between these 
different indices of stability would aid in the correlation 
of flight and wind-tunnel tests. The paper also considors 
the magnitude of tho changes in the stick-fixed power-on 
stability of an airplane resulting from a change in center- 
of-gravity position and the different tail loads necessary 
for trim. 



STHEOIS AND FOEMTJLAS 



Ol lift coofficient 

Ct,. lift coefficient of horizontal tail 

C n drag coefficient 

C- longitudinal force coefficient of wing 
A w 

C m pitching-moEent coefficient of wing-fuselage 
° combination about aerodynamic center 

0 m pitching-moment coefficient of airplane excluding 

propellor-thrust component 

resultant pitching-moment coefficient (includes 
propeller-thrust component 

c mean aerodynamic chord (M.A.O.) 

c 0 mean elevator chord 

0 ratio of distance of center of gravity back of 

^ loading edge of moan aerodynamic chord to mean 

aerodynamic chord 



ratio of distance of aorodynamio conter of wing 
"Wok' of' leading edge of mean aerodynamic .ohord 
to moan aerodynamic chord 

distance of mean aerodynamic chord below center of 
gravity 

distance of thrust axis below center of gravity 

distance from center of gravity to hinge line of 
horizontal tail 

distance from center of gravity to plane of propeller 
disk 

wing area 

horizontal tail area 
elevator area 

propellor-disk area (irD a /4) 
propeller diameter 
propeller rotational speed 
velocity of flight 
slipstream velocity 
advance-diameter ratio (v/nD) 

function of J and propeller-blade angle for an 
inclined propeller (reference 2) 

thrust 

angle of attack 

flight-path angle 

angle of airplane to horizontal 

angle of attack of horizontal tail 

downwash angle at tail due to wing 
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downwash angle at tail due to propeller 




h 


initial horizontal tail setting 




«e 


elevator angle 




V 


weight (mg) 




m 


mass of the airplane 




S 


gravity 




k 


mechanical advantage of elevator— control 


sys t em 




radius of gyration about T axis 




P L 


cocponent of thrust coefficient alon^ X 
during, notion j C u? c 1 + £ T 0 ' j cos a 

H .J 


Axis 


P L 


comjjonent of thrust coefficiont along Z 
during motion (T c ! + ^ I c 'u^ 8in a ] 


axis 


Oh 


olevator hinge— m on en t coefficient 




H = 


(v B /v) 3 




V 


1 

ipS w T s 




m 1 

V 


dT c « 
u ,= du« 




l 


" c e S e 






= fc y /C 




u' 


= AY/7 






V 





dCi, 

Or, = — — is it radian 
oc da 



d °3 

•m = "i — por radian 
■"a da 



^ _ fcticlc for co 



m 

^ = 



P S w c 

a a 



Subscr Aptsj 

o oquilibr iua condition 

nt tail romovod 
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THE DETEEMnTATION 01 LOEGITUD IITAL STAB ILITY 
CHABACTEEISTICS EHOM W IUD-TUITHEL TESTS OT 
A MODEL EQUIPPED WITH HUNHING PROPELLERS 



A significance of wind— tunnel data obtained with 
running propollcrB for the determination of longitudinal- 
stability characteristics can bo ovaluatod by . eonpor is on 
with existing critorions for longitudinal stability com- 
monly usod in flight— tost work. One of tho simplor ex- 
periments to perform in flight consists in determining the 
position of the elevator required for trim over a range of 
flying cpee.la with the throttle sotting fixed. V/hen the 
elevator positions thus obtained are plotteJ. against lift 
coefficient (or airspeed), an index of the sticlo— fixed 
stability, which is cor.monly v.sed in flight work, results. 

This index of stability is the slope ( d6 fl /dC T ) , ; or 

trim . 

( d6 e /dV) tr , Tl-.is criterion of stability is also asso- 
ciated with the slope of the resultant pit ching— moment 
curve — a curve readily obtained from wind— tx-.nnel data. 
It is of interest then to know specific quantitative rela- 
tionships involving these quant it ios in power— on flight. 
These relationships are subsequently developed. 

The reader \ r ho wishes to acquaint himself with the 
desired fundamental relationships without familiarizing 
himself with the details of proof may omit the following 
devolopnont and turn immediately to equation (lD). 



Tho equations of oquilibrium for an airplane in powor— 
on flight subjocted to tho force systom illustrated in fig- 
ure 1 may bo writton as follows: 



Theory 




(lc) 



(la) 



(lb) 



*P S e c e v3G h " 0 



(Id) 
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If it ie assumed, in equation 1 that the throttle 
'setting" is f ixed,, any. small increments.. imposed, on any of 
the variables muBt be such as to maintain equ'ifibr iunu 
After a small change in attitude, equation (l) may be 
transformed into the following set of equations: 

(2P D - 2Cd) ^ + [(Oj, - C Li ) - 0 Da J Aa - 0 L]L AV= 0 (2a) 

(2P L + 2C L ) ^ + |^(C D + C Dl ) + C Lo J Aa + 0 Di AY=O ■ (2b) 

2u, AT 2p, 2u . . 

C K u i T + C *a Aa + C 2n 8 A8 e = 0 < 2c > 

AT 

2C h Y~ + °^a Aa + C H5 A6 e = V (2iJ 

Iron the foregoing equations the following relation- 
ships botv/eon tho increments 6 e , a, and f may bo 
established: 



d6 Q A6 e 3 fc 2 f 

d a Aa ! G 



(?) 



whore 



+ 2^^ ^ (CLa + Cl)) + 03Ji(0l _ o^jj 

4 ^°m« r 1 
* - -gp- 2 - [0 L (0 L + P L ) - 0 Dl (C D - Pd)J 

a " (Ch 6 Cm a ~ ^a 0 *^ [^j^L + *l) ~ Cd^Cd-Pd)] 

+ ^ °h 5 (CK u , - 2C ffl8 ) [c Li (C L + P L ) - C Di (C D -. E D )] 
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The term E is the familiar constant term associated 
with the "biquadratic equation for power— on stick— fixed 
'stability. If the airplane is suddenly displaced from its 
equilibrium condition, it will continue to diverge from this 
position if E is negative. Hence, for stability, E must 
remain positive. If the substitutions 



and 



V 

°3 = i 5 ( sln "O 



are made, E may be rewritten as 



Es -^ii; {°m a [cos Y 0 (C L + P L ) - sin Y 0 (Cd-Pd)] 

- i °M U I [ C0S Y o( C L a + ° D ) + Sin Y o (°D + 0 Da )j} (4) 

Equation (4) is the general expression for E for 
povrer— on flight. IPor nmall values of Y 0 , 

sin Y o (0 D - P D ) « cos Y 0 (0 L + P L ) and 

8 *a Y 0 (C D + C Do ) « cos Y 0 (0 La + 0 D ); also, P l «0 1 , Cj^C^ 

and co3 Y Q = 1. With these sinplif icationc, equation (4) 
reduces to 



or 
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®--0v.-iT?O <-> 



ft 

o where 



8li s~. 



Further, if the notation ie changed 

dividing "by dC^/da yields 

^1 da 6o a 1 / dC a ^ _ dT c ' h > 

How, from equation (lc) 

h 

= o m + a? c ' c ■ o 

and on differentiation 



\. d °L//C;-=0 = dG L + dC L o (6) 



ffor the small values of 0 



V = J pS v V a 0 1 



or 
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T 3 0 Ii = constant (appro*. ) 

Hence 



and 



27C L dT + V dO L = 0 



dT T 



Under the conditions V Oj, = constant and constant throttle 
operation 

C m = O m (GL, T) 



or 



* ^ T- 0 L * 7 8 0 I( = constant and 

constant throttle 



Further 



dOi oOl SCi, \jsrj («») 

and 

d2c« _ dT c ' d7 _ _V_ / dl c ^ 

dCj, " dT dO L " 20 1 \ dT J ( 61 >) 

The substitution of equations (6a) and (6d) in equation 
(6) gives 

W P _ n " io^ L T Vary + C5tV UJ (7) 
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and now equation (5) nay he rewritten as 
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o 



Cl AOl 
da 



(8) 



Equation (7) establishes the relation between the 
constant term E of the stability "biquadratic for pover- 
on flight and the slope of the resultant pit ching-moiaent 
curve for power— on flight. It should "be noted, however, 
that in equations (6) and (7), the terns Gj, and d.G m /&.Or 1 

must include any effeots of the slipstream; that is, 



Cl = (< 



c'oO 



slipstream 



Oa) 



and 

dO L 
da 



= ( 



oay 



/30t, x . flY / dg c'\ 



(9b) 
constant and 
constant throttle 



■ ■ 



She relationship d6 e /da = - E/J can now be developed in 

( 

teras of the ouantity VTTT"/ 



?rom equation (3) 



W 2 CT Ct 



How 



■0 Ll ( 0 L + P L ) - C Di ( - P B ) = - ^ ^- ^ - 



/ w 2 
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for small values 



of 6, Hence 





0 I{ =0 



-o, 



m 6 



and 



\ ac i/o II=0 




l£m 

o8 e 



(10) 



Equation (10) states precisely that for power— on flight 
vith a fixed throttle setting, the flight index of stiofc- 



of the resultant pitching— moment curve at only the point 
Oji =» 0. Che proportionality factor is the negative 
reciprocal of the elevator effectiveness parameter, C m g . 

In equation (10) the Blope dCx/dCj, may he evaluated 
fron the wind-tunnel test data a The slope of the wind- 
tunnel resultant pitching— moment curve, however, depends 
on the test procedure adopted for the investigation. In 
the present analysis two procedures for testing a modol 
equipped with running propellers will oe considered. In 
one method, the model propeller thrust is held constant 
as the angle of attack is varied, the process "being re- 
peated for different amounts of thrust. She expression 
"constant thrust" will he associated with this test pro- 
cedure. In the other method, the thrust is varied with 
lift coefficient in a predetermined manner such as to 
simulate the thrust condition that exists on the full- 
scale airplane when flown at a fixed manifold pressure 
(constant throttle setting). (Sor constant— speed pro- 
peller operation the propeller speed is also constant.) 
Shis type of testing will he referred to as the "constant- 
power 11 procedure. She constant— thrust procedure will he 
considered first. 




is proportional to the slope 
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Constant— Thrust Prooedure 



For the purposes of analysis, an airplane of the 
single— engine tractor type with conventional tail arrange- 
ment will he considered. If the entire tail surface is 
assumed to he subjected to slipstream action, the resultant 
pitching— moment coefficient may he written as follows: 



The factors ^n 0 » ^1 » anii ^X w exclude direct thrust 

effecta "but include interference effects due to the slip- 
stream. (See, for example, equation (9a).) When only 
part of the tail is included in the slipstream, the fourth 
term on the right side of equation (ll) will "be lower but 
will depend on the identical parameters. The fifth term 
represonto the contribution of the aerodynamic side force 
developed by the inclined propeller (roference 2). In 
this analysis, this contribution will be grouped with the 
aerodynamic terms r.ithor than with the diroct contribution 
of the thrust. 





(11) 



If 



R = 1 + T c ' — 



and it is assumed 



dR dR dT 0 « 

dC L " av dcT" 



differentiation with respect to the over— all lift coeffi- 
cient yields 
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— = (Cg - C a ) - - — 



l a 8 _da_ h d.g 0 ' l± St dT c ' 



Equation (12) reproaenta the general variation of the re- 
sultant pit chine-moment coefficient with lift coefficient 
an it includes terms involving the .variation of propeller 
thrust. If the constant— thrust tost proceduro is omployod 
(T c * = constant), oquation (12) roducos to 

dC T 



Wl/n , J ^ g &) c dC L 

~ c 

_ H 2i S± ££Lt , 8 g da _ oC m 

c S w dC L c tt S w ja dC L ScJ * 1 * B ' 

The term dC^/dCL is assumed to "be independent of T c * 
"because 



dC_ do, + V<*i 



jj 



3e w _ tlepN 
dC L dC^ 



and experiments indicate that dCp/dC^ is essentially 
constant, at least for the flap— up condition. It is seen 

that the value of . ■ varios with the magnitude of 

c 

T 1 hut that it is essentially independent of the tail 
c 

load and hence of the value of the pitching moment at which 
the slope is measured. Accordingly, it makos little differ- 
ence whethor tho model is trimmed or not and tho olopo 
/dC M \ 

V^L^ t0 OTaluatod witl1 an y *ail sotting, although 

^c 
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it should "be appreciated that the slope of the pitching— 
moment curve' obtained from the constant— thrust procedure 
is, by itself, meaningless from the consideration of sta- 
bility in steady flight. 

In order to estimate the stability parameter 

( — ^\ from wind— tunnel data obtained by the okonstant— 

thrust procedure, it is now necessary to evalxiate the terms 



3C L l\bvj 



+ V 



£V h" 

dV o 



L t o Sp dC L c dC L 



where 



Thus 



°«ntjv 



/ . S v \ S t Ij. 



0 M =0 T ' 



*l S t dT c « h dT c » 
+ - 



1 + T 



S w NSt c ■ S P dC L 0 dG L 



0 s p /s w ° 



vaci^ i dc L / s \ St i 

Lv A ° Sp ; s w c 



(13) 



The foregoing relationships can be used to estimate (^S^) 
when tunnel data are available in the form ( — - for 

C 



o H =o 
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both tail— on and tail— off conditions and when propeller 
data are available to evaluate the quantity, dTc'/dOj,. 



From equation (6t>) 



<iV = _ J_ ( <WjA 
dC L 20 L \ dV / 



The slope dT c ' /dV is best determined graphically for- the 
particular condition under consideration. A method for 
finding the variation of propeller thrust with forward 
velocity for either fixed— pitch or controllable— pitch con- 
stant— speed propellers is outlined in reference 5. Figuro 
2 typifies the variation of thrust coefficient and blade 
angle with velocity for constant— speed propeller oporation. 



representative of the constant— power test procedure. The 
direct relationship between the resultant slope of the 
pitching— r.oir ent curve for the c ons tant— power tost procedure 
and the constant term B of the stability biquadratic for 
power— on flight has already been established. 

It is obvious from equation (12) that, in the constant— 
power teat procedure, the tail setting directly affects the 
measured rind— tunnel pitching— moment slope, dC&/dCL« 

evaluating dCij/dCi, it is consequently important to use that 
tail setting for which tho model is trimmed (that is, Cjj = 0). 
It v/ill be observed froa cc.uation (12) that, in power-on 
flight, the slope of the resultant pitching— mo:. ent curve (and 
consequently the stability characteristics) is affected by 
both the center— of— gravity locntion and the associated tail 
load necessary to produce trim. Tho manner in v;hich these 
associated variables affect tho stability characteristics forms 
the subjoct matter for tho romaindor of this pr.por. 



Constant— Power Procedure 



If in equation (12) the thrust is varied in accordance 
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EPPECT OP TAIL LOAD AND CENTEE-OP-GEAVITY POSITION 
ON THE SLOPE OP THE PITOHINO^-MOMENT CTJEVE 



In gonoral, tho contribution of tho tail load to tho 
rosultant pitching— mom ont slope, dCn/dCi, ig oxprossod by 
final term in equation (12). Thus 



where 



dT c » 



dCl 



■w 



" C P + 



/&ov 
\&6 



J 



+ i. 



The effect of this term on dC^/dCL is demonstrated in 
figure 3. The theoretical curve was evaluated hy use of 
the pr opeller— oper at ing characteristics that were used in 
securing the experimental results. The experimental points 
were obtained from data of unpublished tests. Both the 
theorotical and the experimental results indicate that in- 
creased down loads on the tail result in more positive 
valuos of dCu/dCi and thus are detrimental to stability. 

In accordance with equation (11), tho downward tail 
load must he increased to prosorvo tho trim condition whon 
tho contor of gravity of tho airplano is movod forward. 
In powor— off flight , a forward movemont of tho contor of 
gravity is normally stabilizing, as it results in more 
negative values of dCn/dOi. It has just been shown, 
however, that an increasing down load on the tail is detri- 
mental to stability in power— on flight. Thus, the two 
effects oppose one another. The results of a theoretical 
examination of these antithetical effects of a center— of— 
gravity movement are presented in figures 4 and 5. In the 
computations for figure 4, the elevator angles necessary to 
trim the airplane with the various cent er— of— gravity posi- 
tions were computed and the associated values of dCjj/dOj, 

-and I- — ' were calculated. The value of dOji/dOL is 

^° c L'm i 
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the elope of tho pit ohing— moment curvo associated with con— 

/S di- 
stant— powor tests: \ £QjJ * s *k° slopo of tho pitching— 

momont curvo associatod uith const ant— thrust toets. It will 

"bo noted that tho variations of "both dC^/dC^ and (^"T^ , 

with forward contor— of— gravity movement indicato a not in— 
creaso in stability, "but thr-.t tho increased negative values 
of dCji/dOj, are less than the increased negative values of 

6o:i N , 

A comparison of these two quantities reveals 



(• 



c 

directly the effect of the increased down load on the tail 
required for trim with the forward center— of— gravity position, 



for j includoB the effect of the shift in center— 

'I/E c 

of— gravity location hut not the change in tail load, whereas 
dCjj/dCx, includes both of these variations. 



Computations that show the variations of dC^/clC-^, 

dC:i> 

■^qT" J jt and the elovator an^lo foi' trir; with lift coeffi— 
* *" * o 

ciont for two contor— of— gravity positions are presented in 
figure 5. The variation of tho thrust coofficiont, T c ' , 
with lift coefficient is also shown. Tho thrust cooffi- 



cionts woro used in evaluating \ ^ — ) . Tho moro nogativo 

*• c 

values of dCfj/dOi, and tho stoopcr slope to tho olovator 

anglo for trim curvo are associatod with tho most forward 
center— of— gravity location. It will bo noted that for 
valuos of Cjj greater than 1, the slope dC^/dC^ ^ or 

26— percent mean aerodynamic chord center— of— gravity position 



is greater than the acsocic„ted slope ( > . This be— 



oOiiN. 
Ci/t * 



c 

havior results from the increased positive (upward) tail 
loads required for trim at the higher lift coefficients. 
Thus, it is seen that the effect- of power on the contri- 
bution of the tail to the stability characteristics is ad- 
verse only when the tail is carrying an initial down load. 
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CONCLUSIONS 

On "the "basis of this analysis, the following oonoluBions 
may he reached: 

1. For small angles of climb, the slope of the curve 
of elevator angle for trim against lift coefficient secured 
from flight tests is directly proportional to the slope of 
the curve of pitching-moment coefficient against lift cooffi- 
oitnt secured from wind-tunnel tests simulating flight with 
constant power only when the model is trimmed for zero 

pi toning -moment. 

2. The destabilizing effects of power ere more pro- 
nounced when the horizontal tail is required to carry a 
down load to maintain flight equilibrium. 

3« A longitudinal movement of the center of gravity 
affects the longitudinal stability characteristics less 
in power -on flight than in power -off flight. 



Langlay Memorial Aeronautical Laboratory, 
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Figure 1.- Angular and Tectorial relationships in power-on flight. Flight- 
path axis. 
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ffigure 4.- Effect of centor- of -gravity movement on slope of pitching- 
moment curve and on elevator angle for trim. T c ', 0.195, 

Ol, 0.5. 
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